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SYMMETRIC QUIVER HECKE ALGEBRAS AND R-MATRICES OF
QUANTUM AFFINE ALGEBRAS III
SEOK-JIN KANG1, MASAKI KASHIWARA2, MYUNGHO KIM AND SE-JIN OH3
Abstract. Let C 0
g
be the category of finite-dimensional integrable modules over
the quantum affine algebra U ′q(g) and let R
A∞-gmod denote the category of finite-
dimensional graded modules over the quiver Hecke algebra of type A∞. In this
paper, we investigate the relationship between the categories C 0
A
(1)
N−1
and C 0
A
(2)
N−1
by
constructing the generalized quantum affine Schur-Weyl duality functors F (t) from
RA∞-gmod to C 0
A
(t)
N−1
(t = 1, 2).
Introduction
The quiver Hecke algebra R, introduced independently by Khovanov-Lauda [24] and
Rouquier [30], provides a categorification of the negative half U−q (g) of a quantum
group Uq(g). Moreover, its cyclotomic quotients R
Λ, depending on dominant integral
weights Λ, also provide a categorification of the integrable highest weight modules
Vq(Λ) over Uq(g) [15]. Recall that the cyclotomic quotients of an affine Hecke algebra
give a categorification of integrable highest weight U(A
(1)
N−1)-modules. Thus the quiver
Hecke algebras play the role of affine Hecke algebras in the representation theory of all
symmetrizable quantum groups.
In [7, 8, 9], Chari-Pressley, Cherednik and Ginzburg-Reshetikhin-Vasserot constructed
the quantum affine Schur-Weyl duality functor that relates the category of finite-
dimensional modules over an affine Hecke algebra and the category of finite-dimensional
integrable U ′q(A
(1)
N−1)-modules. In [16], the first three authors of this paper constructed
a functor F from the category of finite-dimensional graded modules over a symmetric
quiver Hecke algebra R to the category of finite-dimensional integrable modules over
any quantum affine algebra U ′q(g). Here, the quiver Hecke algebra R is determined
by a family of good U ′q(g)-modules. In this context, the quiver Hecke algebras can
be thought of as a generalization of affine Hecke algebras, which gives the generalized
quantum affine Schur-Weyl duality functor F .
The representation theory of quantum affine algebras has been extensively investi-
gated with various approaches (see, for example, [5, 11, 12, 22, 27]). By the work of
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[16], we propose a new approach for studying the representations of quantum affine
algebras through the representation theory of quiver Hecke algebras.
Let C 0g denote the category of finite-dimensional integrable modules over the quan-
tum affine algebra U ′q(g), and let R
A∞-gmod denote the category of finite-dimensional
graded modules over the quiver Hecke algebra of type A∞. The purpose of this paper
is to investigate the relationship between the categories C 0
A
(1)
N−1
and C 0
A
(2)
N−1
(see Table 1)
by constructing exact functors F (t) : RA∞-gmod→ C 0
A
(t)
N−1
(t = 1, 2) (see also [12]).
RA∞-gmod
F(1)
yyss
ss
ss
ss
ss
ss
F(2)
%%❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑
C 0
A
(1)
N−1
oo // C 0
A
(2)
N−1.
To construct such functors, we first choose a family of good U ′q(g)-modules and study
the distribution of poles of normalized R-matrices between them. Then by the general
argument given in [16], we obtain the generalized quantum affine Schur-Weyl duality
functor F : R-gmod→ C 0g . In particular, it was shown in [16] that the family of good
U ′q(A
(1)
N−1)-modules {V (̟1)q2s | s ∈ Z} gives the functor F
(1).
In this paper, based on the results of [29] on the normalized R-matrices of U ′q(A
(2)
N−1)-
modules, we prove that the family of good U ′q(A
(2)
N−1)-modules {V (̟1)q2s | s ∈ Z} yields
a quiver whose underlying graph is of type A∞, and then we construct the exact functor
F (2) : RA∞-gmod→ C 0
A
(2)
N−1
. Through the exact functors F (t) (t = 1, 2), one can observe
that the categories C 0
A
(1)
N−1
and C 0
A
(2)
N−1
have many similar properties (for example, see
Proposition 2.2.3 and Corollary 3.3.2). Note that some of these similarities have been
already observed by Hernandez [12] by a different approach.
We prove that the functor F (2) : RA∞-gmod → C 0
A
(2)
N−1
factors through a certain
localization TN . Furthermore, the induced functor F˜
(2) : TN → C
0
A
(2)
N−1
gives a ring
isomorphism
K(TN)/(q − 1)K(TN ) ∼−→K(C
0
A
(2)
N−1
)
as in the case of the Grothendieck ring K(C 0
A
(1)
N−1
) in [16]. Hence we obtain the diagram
RA∞-gmod
F(1)
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥
F(2)
  ❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇

TN
F˜(1)ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦
F˜(2) ''P
PP
PP
PP
PP
PP
PP
C 0
A
(1)
N−1
oo // C 0
A
(2)
N−1
,
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where F˜ (t) gives a bijection between the simple modules (up to degree shift and iso-
morphism) in TN and the simple modules (up to isomorphism) in C
0
A
(t)
N−1
(t = 1, 2).
With this approach, we prove that the induced functors F˜ (1) and F˜ (2) give the cor-
respondence between the simple modules in C 0
A
(1)
N−1
and the simple modules in C 0
A
(2)
N−1
,
which preserves their dimensions (Theorem 3.5.10).
Let us compare this with one of the results in [12]. First, Hernandez defined the
twisted q-character homomorphism χσq from the Grothendieck ring of finite-dimensional
integrable modules over a twisted quantum affine algebra to a certain polynomial ring.
Note that it is an analogue of the q-character homomorphism χq for untwisted quantum
affine algebras in [11]. Then he found a ring homomorphism from the codomain of
χq to the codomain of χ
σ
q , which induces an isomorphism between the image of the
χq and that of χ
σ
q . During its proof, he showed that this isomorphism sends the
q-characters of Kirillov-Reshetikhin modules to the twisted q-characters of Kirillov-
Reshetikhin modules. But it is not known whether the isomorphism sends the q-
characters of simple modules to the twisted q-characters of simple modules or not. We
expect that the isomorphism in [12, Theorem 4.15] coincides with ours in Corollary
3.5.11. Since the results in [12] cover not only type A but also other types, one may
expect that there are similar correspondences between untwisted and twisted quantum
affine algebras of other types. Our another paper [19] is initiated by this observation
and provides a correspondence between certain subcategories of C 0g over untwisted and
twisted quantum affine algebras of type A and D through the representation theory of
quiver Hecke algebras.
This paper is organized as follows. In Section 1, we briefly review the results of
[16] on the generalized quantum affine Schur-Weyl duality functors. In Section 2, we
compare the denominators of normalized R-matrices and the homomorphisms between
fundamental representations over Uq(A
(2)
N−1). This comparison provides the main ingre-
dients for the construction of exact functors F (t) (t = 1, 2). In Section 3, we construct
the exact functor F (2) : RA∞-gmod→ C 0
A
(2)
N−1
and investigate the relationship between
the categories C 0
A
(t)
N−1
(t = 1, 2) via RA∞-gmod.
Convention
(i) All the algebras and rings in this paper are assumed to have a unit, and modules
over them are unitary.
(ii) For a ring A, an A-module means a left A-module.
(iii) For a statement P , δ(P ) is 1 if P is true and 0 if P is false.
(iv) For a ring A, we denote by Mod(A) the category of A-modules. When A is an
algebra over a field k, we denote by A-mod the category of A-modules which are
finite-dimensional over k.
If A is a graded ring, then we denote by Modgr(A), A-gmod their graded version
with homomorphism preserving the grading as morphisms. They are also abelian
categories.
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(v) For a ring A, we denote by A× the set of invertible elements of A.
(vi) For an abelian category C, we denote by K(C) the Grothendieck group of C.
1. Symmetric quiver Hecke algebras and quantum affine algebras
1.1. Cartan datum and quantum groups. In this subsection, we recall the def-
inition of quantum groups. Let I be an index set. A Cartan datum is a quintuple
(A, P,Π, P ∨,Π∨) consisting of
(a) an integer-valued matrix A = (aij)i,j∈I , called the symmetrizable generalized Cartan
matrix, which satisfies
(i) aii = 2 (i ∈ I),
(ii) aij ≤ 0 (i 6= j),
(iii) aij = 0 if aji = 0 (i, j ∈ I),
(iv) there exists a diagonal matrix D = diag(si | i ∈ I) such that DA is symmetric
and si are positive integers,
(b) a free abelian group P , called the weight lattice,
(c) Π = {αi ∈ P | i ∈ I}, called the set of simple roots,
(d) P ∨ := Hom(P,Z), called the co-weight lattice,
(e) Π∨ = {hi | i ∈ I} ⊂ P
∨, called the set of simple coroots,
satisfying the following properties:
(i) 〈hi, αj〉 = aij for all i, j ∈ I,
(ii) Π is linearly independent,
(iii) for each i ∈ I, there exists Λi ∈ P such that 〈hj ,Λi〉 = δij for all j ∈ I.
We call Λi the fundamental weights. The free abelian group Q:=
⊕
i∈I
Zαi is called the root
lattice. Set Q+ =
∑
i∈I Z≥0αi ⊂ Q and Q
− =
∑
i∈I Z≤0αi ⊂ Q. For β =
∑
i∈I miαi ∈ Q,
we set |β| =
∑
i∈I |mi|.
Set h = Q⊗Z P
∨. Then there exists a symmetric bilinear form ( , ) on h∗ satisfying
(αi, αj) = siaij (i, j ∈ I) and 〈hi, λ〉 =
2(αi, λ)
(αi, αi)
for any λ ∈ h∗ and i ∈ I.
Let q be an indeterminate. For each i ∈ I, set qi = q
si .
Definition 1.1.1. The quantum group Uq(g) with a Cartan datum (A, P,Π, P
∨,Π∨)
is the algebra over Q(q) generated by ei, fi (i ∈ I) and q
h (h ∈ P ∨) satisfying following
relations:
q0 = 1, qhqh
′
= qh+h
′
for h, h′ ∈ P ,
qheiq
−h = q〈h,αi〉ei, q
hfiq
−h = q−〈h,αi〉fi for h ∈ P
∨, i ∈ I,
eifj − fjei = δij
Ki −K
−1
i
qi − q
−1
i
where Ki = q
sihi,
1−aij∑
r=0
(−1)re
(1−aij−r)
i eje
(r)
i =
1−aij∑
r=0
(−1)rf
(1−aij−r)
i fjf
(r)
i = 0 if i 6= j.
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Here, we set [n]i =
qni − q
−n
i
qi − q
−1
i
, [n]i! =
∏n
k=1[k]i, e
(m)
i =
eni
[n]i!
and f
(n)
i =
fni
[n]i!
for all
n ∈ Z≥0, i ∈ I.
1.2. Quiver Hecke algebras. We recall the definition of quiver Hecke algebras asso-
ciated with a given Cartan datum (A, P,Π, P ∨,Π∨).
Let k be a commutative ring. For i, j ∈ I such that i 6= j, set Let us take a family
of polynomials (Qij)i,j∈I in k[u, v] which are of the form
(1.1) Qij(u, v) = δ(i 6= j)
∑
(p,q)∈Z2≥0
(αi,αi)p+(αj ,αj)q=−2(αi,αj)
ti,j;p,qu
pvq
with ti,j;p,q ∈ k, ti,j;p,q = tj,i;q,p and ti,j:−aij ,0 ∈ k
×. Thus we have Qi,j(u, v) = Qj,i(v, u).
We denote by Sn = 〈s1, . . . , sn−1〉 the symmetric group on n letters, where si :=
(i, i+1) is the transposition of i and i+1. Then Sn acts on I
n by place permutations.
For n ∈ Z≥0 and β ∈ Q
+ such that |β| = n, we set
Iβ = {ν = (ν1, . . . , νn) ∈ I
n ; αν1 + · · ·+ ανn = β} .
Definition 1.2.1. For β ∈ Q+ with |β| = n, the Khovanov-Lauda-Rouquier algebra
R(β) at β associated with a Cartan datum (A, P,Π, P ∨,Π∨) and a matrix (Qij)i,j∈I is
the k-algebra generated by the elements {e(ν)}ν∈Iβ , {xk}1≤k≤n, {τm}1≤m≤n−1 satisfying
the following defining relations:
e(ν)e(ν ′) = δν,ν′e(ν),
∑
ν∈Iβ
e(ν) = 1,
xkxm = xmxk, xke(ν) = e(ν)xk,
τme(ν) = e(sm(ν))τm, τkτm = τmτk if |k −m| > 1,
τ 2k e(ν) = Qνk ,νk+1(xk, xk+1)e(ν),
(τkxm − xsk(m)τk)e(ν) =

−e(ν) if m = k, νk = νk+1,
e(ν) if m = k + 1, νk = νk+1,
0 otherwise,
(τk+1τkτk+1 − τkτk+1τk)e(ν)
=

Qνk ,νk+1(xk, xk+1)−Qνk,νk+1(xk+2, xk+1)
xk − xk+2
e(ν) if νk = νk+2,
0 otherwise.
The above relations become homogeneous by assigning
deg e(ν) = 0, deg xke(ν) = (ανk , ανk), deg τle(ν) = −(ανl, ανl+1),
and hence R(β) is Z-gradable.
For an element w of the symmetric group Sn, let us choose a reduced expression
w = si1 · · · siℓ , and set
τw = τi1 · · · τiℓ .
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In general, it depends on the choice of reduced expressions of w. Then we have
R(β) =
⊕
ν∈Iβ , w∈Sn
k[x1, . . . , xn]e(ν)τw.
For a graded R(β)-module M =
⊕
k∈ZMk, we define qM =
⊕
k∈Z(qM)k, where
(qM)k = Mk−1 (k ∈ Z).
We call q the grade shift functor on the category of graded R(β)-modules.
For β, γ ∈ Q+ with |β| = m, |γ| = n, set
e(β, γ) =
∑
ν∈Im+n,
(ν1,...,νm)∈Iβ ,
(νm+1,...,νm+n)∈Iγ
e(ν) ∈ R(β + γ).
Then e(β, γ) is an idempotent. Let
R(β)⊗R(γ)→ e(β, γ)R(β + γ)e(β, γ)(1.2)
be the k-algebra homomorphism given by
e(µ)⊗ e(ν) 7→ e(µ ∗ ν) (µ ∈ Iβ),
xk ⊗ 1 7→ xke(β, γ) (1 ≤ k ≤ m),
1⊗xk 7→ xm+ke(β, γ) (1 ≤ k ≤ n),
τk ⊗ 1 7→ τke(β, γ) (1 ≤ k < m),
1⊗ τk 7→ τm+ke(β, γ) (1 ≤ k < n,
where µ ∗ ν is the concatenation of µ and ν; i.e., µ ∗ ν = (µ1, . . . , µm, ν1, . . . , νn).
For a R(β)-module M and a R(γ)-module N , we define the convolution product
M ◦N by
M ◦N := R(β + γ)e(β, γ) ⊗
R(β)⊗R(γ)
(M ⊗N).
1.3. R-matrices with spectral parameters. For |β| = n and 1 ≤ a < n, we define
ϕa ∈ R(β) by
ϕae(ν) =

(
τaxa − xaτa
)
e(ν) if νa = νa+1,
τae(ν) otherwise.
(1.3)
They are called the intertwiners. Since {ϕk}1≤k≤n−1 satisfies the braid relation, we
have a well-defined element ϕw ∈ R(β) for each w ∈ Sn.
For m,n ∈ Z≥0, we set
Sm,n := {w ∈ Sm+n ; w(i) < w(i+ 1) for any i 6= m} .
For example,
w[m,n](k) =
{
k + n if 1 ≤ k ≤ m,
k −m if m < k ≤ m+ n.
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is an element in Sm,n.
Let β, γ ∈ Q+ with |β| = m, |γ| = n and let M be an R(β)-module and N an
R(γ)-module. Then the map
M ⊗N → q(β,γ)−2(β,γ)nN ◦M
given by
u⊗ v 7−→ ϕw[n,m](v⊗u)
is an R(β, γ)-module homomorphism by [16, Lemma 1.3.1], and it extends to an R(β+
γ)-module homomorphism
RM,N : M ◦N −−→ q(β,γ)−2(β,γ)nN ◦M,(1.4)
where the symmetric bilinear form ( • , • )n on Q is given by (αi, αj)n = δij .
Definition 1.3.1. A quiver Hecke algebra R(β) is symmetric if Qi,j(u, v) is a polyno-
mial in k[u−v] for all i, j ∈ supp β. Here supp(β) =
{
i ∈ I ; ni 6= 0 for β =
∑
i∈I niαi
}
.
From now on, we assume that quiver Hecke algebras are symmetric. Let z be an
indeterminate which is homogeneous of degree 2, and let ψz be the algebra homomor-
phism
ψz : R(β)→ k[z]⊗R(β)
given by
ψz(xk) = xk + z, ψz(τk) = τk, ψz(e(ν)) = e(ν).
For an R(β)-module M , we denote by Mz the
(
k[z]⊗R(β)
)
-module k[z]⊗M with
the action of R(β) twisted by ψz. Namely,
(1.5)
e(ν)(a⊗ u) = a⊗ e(ν)u,
xk(a⊗u) = (za)⊗u+ a⊗(xku),
τk(a⊗u) = a⊗(τku)
for ν ∈ Iβ, a ∈ k[z] and u ∈ M . For u ∈ M , we sometimes denote by uz the
corresponding element 1⊗u of the R(β)-module Mz.
For a non-zero R(β)-module M and a non-zero R(γ)-module N ,
let s be the order of zeroes ofRMz ,Nz′ : Mz◦Nz′ −−→ q
(β,γ)−2(β,γ)nNz′◦Mz;
i.e., the largest non-negative integer such that the image of RMz ,Nz′ is
contained in (z′ − z)sq(β,γ)−2(β,γ)nNz′ ◦Mz.
(1.6)
Note that [16, Proposition 1.4.4 (iii)] shows that such an s exists and s ≤ (β, γ)n.
Definition 1.3.2. For a non-zero R(β)-module M and a non-zero R(γ)-module N , we
set
d(M,N) := (β, γ)− 2(β, γ)n + 2s,
and define
r
M,N
: M ◦N → qd(M,N)N ◦M
by
r
M,N
=
(
(z′ − z)−sRMz,Nz′
)
|z=z′=0.
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By [16, Proposition 1.4.4 (ii)], the morphism r
M,N
does not vanish if M and N are
non-zero.
For β1, . . . , βt ∈ Q
+, a sequence of R(βk)-modules Mk (k = 1, . . . , t) and w ∈ St, we
set d =
∑
d(Mi,Mj), where the summation ranges over the set
{(i, j) ; 1 ≤ i < j ≤ t, w(i) > w(j)} .
We define
r w
M1,...,Mt
= r w
{Ms}1≤s≤t
: M1 ◦ · · · ◦Mt → qdMw(1) ◦ · · · ◦Mw(t)(1.7)
by induction on the length of w as follows:
r w
{Ma}1≤a≤t
=

idM1◦···◦Mt if w = e,
r wsk
{Msk(a)}1≤a≤t
◦
(
M1 ◦ · · · ◦Mk−1◦
r
Mk,Mk+1
◦Mk+2 ◦ · · · ◦Mt
) if w(k) > w(k + 1).
Then it does not depend on the choice of k and r w
M1,...,Mt
is well-defined, because the
homomorphisms r
M,N
satisfy the Yang-Baxter equation([16, §1.4]).
Similarly, we define
RwM1,...,Mt : M1 ◦ · · · ◦Mt → q
bMw(1) ◦ · · · ◦Mw(t),(1.8)
where b =
∑
1≤k<k′≤t,
w(k)>w(k′)
(βk, βk′)− 2(βk, βk′)n.
We set
r
M1,...,Mt
:= r wt
M1,...,Mt
and RM1,...,Mt :=R
wt
M1,...,Mt
,(1.9)
where wt is the longest element of St.
1.4. Quantum affine algebras. In this subsection, we briefly review the representa-
tion theory of quantum affine algebras following [1, 22]. When concerned with quantum
affine algebras, we take the algebraic closure of C(q) in ∪m>0C((q
1/m)) as the base field
k.
We choose 0 ∈ I as the leftmost vertices in the tables in [14, pages 54, 55] except
A
(2)
2n -case in which case we take the longest simple root as α0. Set I0 = I \ {0}.
The weight lattice P is given by
P =
(⊕
i∈I
ZΛi
)
⊕ Zδ,
and the simple roots are given by
αi =
∑
j∈I
ajiΛj + δ(i = 0)δ.
The weight δ is called the imaginary root. There exist di ∈ Z>0 such that
δ =
∑
i∈I
diαi.
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Note that di = 1 for i = 0. The simple coroots hi ∈ P
∨ := HomZ(P,Z) are given by
〈hi,Λj〉 = δij , 〈hi, δ〉 = 0.
Hence we have 〈hi, αj〉 = aij.
Let c =
∑
i∈I cihi be a unique element such that ci ∈ Z>0 and
Z c =
{
h ∈
⊕
i∈I Zhi ; 〈h, αi〉 = 0 for any i ∈ I
}
.
Let us take a Q-valued symmetric bilinear form ( • , • ) on P such that
〈hi, λ〉 =
2(αi, λ)
(αi, αi)
and (δ, λ) = 〈c, λ〉 for any λ ∈ P .
Let q be an indeterminate. For each i ∈ I, set qi = q
(αi,αi)/2.
Let us denote by Uq(g) the quantum group associated with the affine Cartan da-
tum (A, P,Π, P ∨,Π∨). We denote by U ′q(g) the subalgebra of Uq(g) generated by
ei, fi, K
±1
i (i = 0, 1, , . . . , n). We call U
′
q(g) the quantum affine algebra associated with
(A, P,Π, P ∨,Π∨).
The algebra U ′q(g) has a Hopf algebra structure with the coproduct:
∆(Ki) = Ki⊗Ki, ∆(ei) = ei⊗K
−1
i + 1⊗ ei, ∆(fi) = fi⊗ 1 +Ki⊗ fi.(1.10)
Set
Pcl = P/Zδ
and call it the classical weight lattice. Let cl : P → Pcl be the projection. Then
Pcl =
⊕
i∈I Z cl(Λi). Set P
0
cl = {λ ∈ Pcl ; 〈c, λ〉 = 0} ⊂ Pcl.
A U ′q(g)-module M is called an integrable module if
(a) M has a weight space decomposition
M =
⊕
λ∈Pcl
Mλ,
where Mλ =
{
u ∈M ;Kiu = q
〈hi,λ〉
i u for all i ∈ I
}
,
(b) the actions of ei and fi on M are locally nilpotent for any i ∈ I.
Let us denote by Cg the abelian tensor category of finite-dimensional integrable
U ′q(g)-modules.
If M is a simple module in Cg, then there exists a non-zero vector u ∈ M of weight
λ ∈ P 0cl such that λ is dominant (i.e., 〈hi, λ〉 ≥ 0 for any i ∈ I0) and all the weights of
M lie in λ −
∑
i∈I0
Z≥0αi. We say that λ is the dominant extremal weight of M and
u is a dominant extremal vector of M . Note that a dominant extremal vector of M is
unique up to a constant multiple.
Let M be an integrable U ′q(g)-module. Then the affinization Maff of M is the P -
graded U ′q(g)-module
Maff =
⊕
λ∈P
(Maff)λ with (Maff)λ =Mcl(λ).
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Let us denote by cl : Maff → M the canonical k-linear homomorphism. The actions
ei : (Maff)λ → (Maff)λ+αi and fi : (Maff)λ → (Maff)λ−αi
are defined in a way that they commute with cl : Maff → M .
We denote by zM : Maff →Maff the U
′
q(g)-module automorphism of weight δ defined
by (Maff)λ
∼
→Mcl(λ)
∼
→ (Maff)λ+δ. For x ∈ k
×, we define
Mx :=Maff/(zM − x)Maff .
We embed Pcl into P by ι : Pcl → P which is given by ι(cl(Λi)) = Λi. For u ∈ Mλ
(λ ∈ Pcl), let us denote by uz ∈ (Maff)ι(λ) the element such that cl(uz) = u. With this
notation, we have
ei(uz) = z
δi,0(eiu)z, fi(uz) = z
−δi,0(fiu)z, Ki(uz) = (Kiu)z.
Then we have Maff ≃ k[z, z
−1]⊗M .
Let M be an integrable Uq(g)-module. A weight vector u ∈ Mλ (λ ∈ P ) is called
an extremal vector if there exists a family of vectors {uw}w∈W satisfying the following
properties:
uw = u for w = e,
if 〈hi, wλ〉 ≥ 0, then eiuw = 0 and f
(〈hi,wλ〉)
i uw = usiw,
if 〈hi, wλ〉 ≤ 0, then fiuw = 0 and e
(−〈hi,wλ〉)
i uw = usiw.
If such {uw}w∈W exists, then it is unique and uw has weight wλ.
For λ ∈ P , let us denote byW (λ) the Uq(g)-module generated by uλ with the defining
relation that uλ is an extremal vector of weight λ (see [21]). This is in fact a set of
infinitely many linear relations on uλ.
Set ̟i = gcd(c0, ci)
−1(c0Λi − ciΛ0) ∈ P for i = 1, 2, . . . , n. Then {cl(̟i)}i=1,2,...,n
forms a basis of P 0cl. We call ̟i a level 0 fundamental weight. As shown in [22], for each
i = 1, . . . , n, there exists a U ′q(g)-module automorphism zi : W (̟i) → W (̟i) which
sends u̟i to u̟i+diδ, where di ∈ Z>0 denotes the generator of the free abelian group
{m ∈ Z ;̟i +mδ ∈ W̟i}.
We define the U ′q(g)-module V (̟i) by
V (̟i) = W (̟i)/(zi − 1)W (̟i).
We call V (̟i) the fundamental representation of U
′
q(g) of weight̟i. We have V (̟i)aff ≃
k[z
1/di
i ]⊗k[zi] W (̟i).
If a U ′q(g)-module M ∈ Cg has a bar involution, a crystal basis with simple crystal
graph and a lower global basis, then we say that M is a good module. For the precise
definition, see [22, § 8]. For example, the fundamental representation V (̟i) is a good
U ′q(g)-module. Every good module is a simple U
′
q(g)-module.
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1.5. Generalized quantum affine Schur-Weyl duality functors. In this subsec-
tion, we recall the construction of the generalized quantum affine Schur-Weyl duality
functor ([16]).
Let U ′q(g) be a quantum affine algebra over k and let {Vs}s∈S be a family of good
U ′q(g)-modules. For each s ∈ S, let λs be a dominant extremal weight of Vs and let vs
be a dominant extremal weight vector in Vs of weight λs.
Assume that we have an index set J and two maps X : J → k×, S : J → S.
For each i and j in J , we have a U ′q(g)-module homomorphism
RnormVS(i),VS(j)(zi, zj) : (VS(i))aff ⊗(VS(j))aff → k(zi, zj) ⊗
k[z±1i ,z
±1
j ]
(VS(j))aff ⊗(VS(i))aff
which sends vS(i)⊗ vS(j) to vS(j)⊗ vS(i). Here, zi := zVS(i) denotes the U
′
q(g)-module
automorphism on (VS(i))aff of weight δ. We denote by dVS(i),VS(j)(zj/zi) the denominator
of RnormVS(i),VS(j)(zi, zj), which is the monic polynomial in zj/zi of the smallest degree such
that
dVS(i),VS(j)(zj/zi)R
norm
VS(i),VS(j)
(zi, zj)
(
(VS(i))aff ⊗(VS(j))aff
)
⊂ (VS(j))aff ⊗(VS(i))aff .
We define a quiver ΓJ associated with the datum (J,X, S) as follows:
(1) we take J as the set of vertices,
(2) we put dij many arrows from i to j, where dij denotes the order of
the zero of dVS(i),VS(j)(zj/zi) at zj/zi = X(j)/X(i).
(1.11)
We define a symmetric Cartan matrix AJ = (aJij)i,j∈J by
aJij =
{
2 if i = j,
−dij − dji if i 6= j.
(1.12)
Set
(1.13) Pij(u, v) = (u− v)
dijcij(u, v),
where {cij(u, v)}i,j∈J is a family of functions in k[[u, v]] satisfying
cii(u, v) = 1, cij(u, v)cji(v, u) = 1.(1.14)
Let {αi ; i ∈ J} be the set of simple roots corresponding to the Cartan matrix A
J
and Q+J =
∑
i∈J Z≥0αi be the corresponding positive root lattice.
Let RJ(β) (β ∈ Q+J ) be the quiver Hecke algebra associated with the Cartan matrix
AJ and the parameter
(1.15) Qij(u, v) = δ(i 6= j)Pij(u, v)Pji(v, u) = δ(i 6= j)(u− v)
dij (v − u)dji (i, j ∈ J).
For each ν = (ν1, . . . , νn) ∈ J
β, let
ÔTn,X(ν) = k[[X1 −X(ν1), . . . , Xn −X(νn)]]
be the completion of the local ring OTn,X(ν) of T
n at X(ν) := (X(ν1), . . . , X(νn)). Set
Vν = (VS(ν1))aff ⊗ · · · ⊗ (VS(νn))aff .
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Then Vν is a
(
k[X±11 , . . . , X
±1
n ]⊗ U
′
q(g)
)
-module, where Xk = zVS(νk) . We define
V̂ν := ÔTn,X(ν) ⊗k[X±11 ,...,X
±1
n ]
Vν , V̂
⊗β :=
⊕
ν∈Jβ V̂νe(ν).(1.16)
The following theorem is one of the main result of [16].
Theorem 1.5.1. The space V̂ ⊗β is a (U ′q(g), R
J(β))-bimodule.
For each β ∈ Q+J , we construct the functor
Fβ : Mod(R
J(β))→ Mod(U ′q(g))(1.17)
defined by
Fβ(M) := V̂
⊗β ⊗RJ (β) M,(1.18)
where M is an RJ(β)-module.
Set
F :=
⊕
β∈Q+
J
Fβ :
⊕
β∈Q+
J
Mod(RJ(β))→ Mod(U ′q(g)).
Theorem 1.5.2 ([16]). If the Cartan matrix AJ associated with RJ is of finite type
A,D or E, then the functor Fβ is exact for every β ∈ Q
+
J .
For each i ∈ J , let L(i) be the 1-dimensional RJ(αi)-module generated by a nonzero
vector u(i) with relation x1u(i) = 0 and e(j)u(i) = δ(j = i)u(i) for j ∈ J . The space
L(i)z := k[z]⊗ L(i) admits an R
J(αi)-module structure as follows:
x1(a⊗ u(i)) = (za)⊗ u(i), e(j)(a⊗ u(i)) = δj,i(a⊗ u(i)).
Note that it is isomorphic to RJ(αi) as a left R
J(αi)-module.
By the construction in [16], we have
Proposition 1.5.3.
(i) For any i ∈ J , we have
F(L(i)z) ≃ k[[z]] ⊗
k[z±1
VS(i)
]
(VS(i))aff ,(1.19)
where k[z±1VS(i) ]→ k[[z]] is given by zVS(i) 7→ X(i)(1 + z).
(ii) For i, j ∈ J , let
φ = RL(i)z ,L(j)z′ : L(i)z ◦ L(j)z′ → L(j)z′ ◦ L(i)z .
That is, let φ be the RJ(αi + αj)-module homomorphism given by
φ
(
u(i)z ⊗ u(j)z′
)
= ϕ1
(
u(j)z′ ⊗ u(i)z
)
,(1.20)
where ϕ1 is the intertwiner in (1.3). Then we have
F(φ) = (Xi/X(i)−Xj/X(j))
di,jci,j(Xi/X(i)− 1, Xj/X(j)− 1)R
norm
VS(i),VS(j)
as a U ′q(g)-module homomorphism
ÔT2,(X(i),X(j)) ⊗
k[X±1i ,X
±1
j ]
(
(VS(i))aff ⊗ (VS(j))aff
)
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−→ ÔT2,(X(j),X(i)) ⊗
k[X±1j ,X
±1
i ]
(
(VS(j))aff ⊗ (VS(i))aff
)
,
where Xi = zV (S(i)) and Xj = zV (S(j)).
Recall that Cg denotes the category of finite-dimensional integrable U
′
q(g)-modules.
Theorem 1.5.4. The functor F induces a tensor functor
F :
⊕
β∈Q+
J
RJ(β)-gmod→ Cg.
Namely, F sends finite-dimensional graded RJ(β)-modules to U ′q(g)-modules in Cg, and
there exist canonical U ′q(g)-module isomorphisms
F(RJ(0)) ≃ k, F(M1 ◦M2) ≃ F(M1)⊗ F(M2)
for M1 ∈ R
J(β1)-gmod and M2 ∈ R
J(β2)-gmod such that the diagrams in [16, A.1.2]
is commutative .
2. Comparison of denominators in untwisted cases and twisted cases
2.1. Denominators of normalized R-matrices for U ′q(A
(1)
N−1) and U
′
q(A
(2)
N−1). In
this subsection, we recall the denominators of normalized R-matrices for quantum affine
algebras of type A. In Table 1, we list the Dynkin diagrams with an enumeration of
vertices by simple roots and list the corresponding fundamental weights.
By [10], for g = A
(1)
N−1 (N ≥ 1), 1 ≤ k, l ≤ N − 1, we have
dV (̟k),V (̟ℓ)(z) =
min(k,ℓ,N−k,N−ℓ)∏
s=1
(
z − (−q)|k−ℓ|+2s
)
.(2.1)
We recall the denominators of normalized R-matrices between fundamental repre-
sentations of type A
(2)
N−1, given in [29].
Theorem 2.1.1. For g = A
(2)
N−1 (N ≥ 3), 1 ≤ k, l ≤ ⌊N/2⌋, we have
dk,l(z) =
min(k,l)∏
s=1
(z − (−q)|k−l|+2s)(z + qN(−q)−k−l+2s).(2.2)
Remark 2.1.2. Even though our enumeration of vertices of Dynkin diagram of type
A
(2)
2n is different from the one in [14], for each i = 1, . . . , n the corresponding funda-
mental representations V (̟i) are isomorphic to each other, since the corresponding
fundamental weights are conjugate to each other under the Weyl group action (see [22,
§5.2]). For the sake of notational simplicity, we denote the Dynkin diagram of type
D
(2)
3 in [14] by A
(2)
3 throughout this paper.
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Type Dynkin diagram Fundamental weights
A
(1)
n (n ≥ 2) ◦
α0
❲❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
◦
α1
◦
α2
◦
α3
◦
αn−1
◦
αn
◦
̟i = Λi − Λ0 (1 ≤ i ≤ n)
A
(2)
2 ❝ ❝>
α0 α1
̟1 = 2Λ1 − Λ0
A
(2)
3 ◦ ksα0 ◦α2
+3
α1
◦ ̟1 = Λ1 − Λ0,
̟2 = Λ2 − 2Λ0
A
(2)
2n−1 (n ≥ 3) ◦α0
◦
α1
◦
α2
◦
α3
◦
αn−1
◦ ks
αn
◦
̟i = Λi − Λ0
(i = 1, n),
̟i = Λi − 2Λ0
(2 ≤ i ≤ n− 1)
A
(2)
2n (n ≥ 2) ◦α0
+3◦
α1
◦
α2
◦
αn−1
◦
αn
+3◦ ̟i = Λi − Λ0
(i = 1, . . . , n− 1),
̟n = 2Λn − Λ0
Table 1. Dynkin diagrams and fundamental weights
2.2. The quiver isomorphism. For each quantum affine algebra Uq(g), we define a
quiver S (g) as follows:
(1) we take the set of equivalence classes Iˆg := (I0 × k
×)/ ∼ as the set
of vertices, where the equivalence relation is given by (i, x) ∼ (j, y)
if and only if V (̟i)x ∼= V (̟j)y,
(2) we put dmany arrows from (i, x) to (j, y), where d denotes the order
of the zero of dV (̟i),V (̟j)(zV (̟j)/zV (̟i)) at zV (̟j)/zV (̟i) = y/x.
(2.3)
Note that (i, x) and (j, y) are linked by at least one arrow in S (g) if and only if the
tensor product V (̟i)x ⊗ V (̟j)y is reducible ([1, Corollary 2.4]).
Let S0(g) be a connected component of S (g). Note that a connected component
of S (g) is unique up to a spectral parameter and hence S0(g) is uniquely determined
up to a quiver isomorphism. For example, one can take
S0(A
(1)
n ) := {(i, (−q)
p) ∈ {1, . . . , n} × k× ; p ≡ i+ 1 mod 2},(2.4)
S0(A
(2)
2n−1) := {(i,±(−q)
p) ∈ {1, . . . , n} × k× ;(2.5)
i ∈ {1, . . . , n}, p ≡ i+ 1 mod 2},
S0(A
(2)
2n ) := {(i, (−q)
p) ∈ {1, . . . , n} × k× ; p ∈ Z}.(2.6)
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Remark that we have V (̟n)x ≃ V (̟n)−x in the A
(2)
2n−1-case.
Let C 0g be the smallest full subcategory of Cg stable under taking subquotients,
extensions, tensor products and containing {V (̟i)x ; (i, x) ∈ S0(g)}.
Define a map
π
(2)
N−1 : IˆA(1)
N−1
−−→ Iˆ
A
(2)
N−1
by
π
(2)
N−1(i, x) =
{
(i, x) if 1 ≤ i ≤ ⌊N/2⌋,
(N − i, (−1)N−1x) if ⌊N/2⌋ < i ≤ N − 1.
(2.7)
When there is no afraid of confusion, then we just write π(2) instead of π
(2)
N−1.
By (2.1) and (2.2), we have the following
Proposition 2.2.1. The map π(2) induces quiver isomorphisms
S (A
(1)
N−1)
∼
−→ S (A
(2)
N−1) and S0(A
(1)
N−1)
∼
−→ S0(A
(2)
N−1).
To avoid the confusion, we use the notation V (t)(̟i) for the fundamental represen-
tation of weight ̟i of U
′
q(A
(t)
N−1) (t = 1, 2). We also use the following notation: for
(i, x) ∈ S (A
(t)
N−1), set V
(t)(i, x) := V (t)(̟i)x (t = 1, 2). We write V (i, x) instead of
V (t)(i, x) when there is no afraid of confusion.
We record the following propositions here for the later use.
Proposition 2.2.2 ([12, Theorem 4.15]). For all (i, x) ∈ S (A
(1)
N−1), we have
dimk V
(1)(i, x) = dimk V
(2)(π(2)(i, x)).
Proposition 2.2.3 ([6, Theorem 6.1]). Let g = A
(1)
N−1, 1 ≤ i, j, k ≤ N−1, x, y, z ∈ k
×.
Then
HomU ′q(g)(V
(1)(̟i)x ⊗ V
(1)(̟j)y, V
(1)(̟k)z) 6= 0
if and only if one of the following conditions holds:
(i) i+ j < N , k = i+ j, x/z = (−q)−j, y/z = (−q)i,
(ii) i+ j > N , k = i+ j −N , x/z = (−q)−N+j, y/z = (−q)N−i.
Proposition 2.2.4 ( [29, Theorem 3.5, Theorem 3.9]). For 1 ≤ i, j ≤ ⌊N/2⌋ such that
i+ j ≤ ⌊N/2⌋, there exists an exact sequence
0 −−→ V (2)(̟i+j)
ιi,j
−−→ V (2)(̟j)(−q)i ⊗ V
(2)(̟i)(−q)−j
h
−−→ V (2)(̟i)(−q)−j ⊗ V
(2)(̟j)(−q)i
pi,j
−−→ V (2)(̟i+j) −−→ 0.
Assume that N − 1 = 2n (n ≥ 2). Then there exists an exact sequence of U ′q(A
(2)
2n )-
modules
0 −−→ V (2)(̟n)
ιn,1
−−→ V (2)(̟1)(−q)n ⊗ V
(2)(̟n)(−q)−1
−→ V (2)(̟n)(−q)−1 ⊗ V
(2)(̟1)(−q)n
pn,1
−−→ V (2)(̟n) −−→ 0.
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3. The functor F (2)
3.1. Symmetric quiver Hecke algebra of type A∞. Let V = V
(2)(̟1) be the
fundamental representation of U ′q(A
(2)
N−1) with extremal weight ̟1. Let S = {V },
J = Z and let X : J → k× be the map given by X(j) = q2j . Then we have
dij = δ(j = i+ 1) for i, j ∈ J .(3.1)
For i, j ∈ J , we have
(αi, αj) =

−1 if i− j = ±1,
2 if i = j,
0 otherwise,
Pij(u, v) = (u− v)
δ(j=i+1)ci,j(u, v),
and
Qij(u, v) =

±(u− v) if j = i± 1,
0 if i = j,
1 otherwise.
The family {ci,j(u, v)}i,j∈J will be given later in (3.15).
Therefore the corresponding quiver Hecke algebra R is of type A∞.
We take
PJ =
⊕
a∈Z
Zǫa
as the weight lattice with (ǫa, ǫb) = δa,b. The root lattice QJ =
⊕
i∈J
Zαi is embedded
into PJ by αi = ǫi − ǫi+1. We write Q
+
J for
⊕
i∈J
Z≥0αi.
Recall that the functor
F (2) :
⊕
β∈Q+
J
Modgr(R(β))→ Mod(U
′
q(A
(2)
N−1))
defined in (1.18) is exact (Theorem 1.5.2).
3.2. Segments. A pair of integers (a, b) such that a ≤ b is called a segment. The
length of (a, b) is b− a+ 1. A multisegment is a finite sequence of segments.
For a segment (a, b) of length ℓ, we define a graded 1-dimensional R(ǫa−ǫb+1)-module
L(a, b) = ku(a, b) in R(ǫa− ǫb+1)-gmod which is generated by a vector u(a, b) of degree
0 with the action of R(ǫa − ǫb+1) given by
xmu(a, b) = 0, τku(a, b) = 0, e(ν)u(a, b) =
{
u(a, b) if ν = (a, a+ 1, . . . , b),
0 otherwise.
(3.2)
We understand that L(a, a − 1) is the 1-dimensional module over R(0) = k and the
length of (a, a− 1) is 0. When a = b, we use the notation L(a) instead of L(a, a).
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We give a total order on the set of segments as follows:
(a1, b1) > (a2, b2) if a1 > a2 or a1 = a2 and b1 > b2.
Then we have
Proposition 3.2.1 ([20, Theorem 4.8, Theorem 5.1], [16, Proposition 4.2.7]).
(i) Let M be a finite-dimensional simple graded R(ℓ)-module. Then there exists a
unique pair of a multisegment
(
(a1, b1), . . . , (at, bt)
)
and an integer c such that
(a) (ak, bk) ≥ (ak+1, bk+1) for 1 ≤ k ≤ t− 1,
(b)
∑t
k=1 ℓk = ℓ, where ℓk := bk − ak + 1,
(c) M ≃ qchd
(
L(a1, b1) ◦ · · · ◦ L(at, bt)
)
, where hd denotes the head.
(ii) Conversely, if a multisegment
(
(a1, b1), . . . , (at, bt)
)
satisfies (a) and (b), then
hd
(
L(a1, b1)◦· · ·◦L(at, bt)
)
is a simple graded R(ℓ)-module. Moreover, hd
(
L(a1, b1)◦
· · · ◦ L(at, bt)
)
is isomorphic to Im
(
r
L(a1,b1),··· ,L(at,bt)
)
up to a grade shift.
If a multisegment
(
(a1, b1), . . . , (at, bt)
)
satisfies the condition (a) above, then we say
that it is an ordered multisegment. We call the ordered multisegment
(
(ak, bk)
)
1≤k≤t
in
Proposition 3.2.1 (i) the multisegment associated with M .
Proposition 3.2.2 ([16, Proposition 4.2.3] ). For a ≤ b and a′ ≤ b′, set ℓ = b− a+1,
ℓ′ = b′ − a′ + 1, β = ǫa − ǫb+1 and β
′ = ǫa′ − ǫb′+1.
(i) If a′ = a and b′ = b, then we have r
L(a,b),L(a,b)
= idL(a,b)◦L(a,b).
(ii) (a) If a ≤ a′ ≤ b ≤ b′, then there exists a nonzero homomorphism
r
L(a,b),L(a′,b′)
: L(a, b) ◦ L(a′, b′)→ qδa,a′+δb,b′−2L(a′, b′) ◦ L(a, b).
(b) Unless a ≤ a′ ≤ b ≤ b′, there exists a nonzero homomorphism
g := r
L(a,b),L(a′,b′)
: L(a, b) ◦ L(a′, b′)→ q(β,β
′)L(a′, b′) ◦ L(a, b).
(iii) If a ≤ a′ ≤ b′ ≤ b, then L(a, b) ◦ L(a′, b′) is simple and
L(a, b) ◦ L(a′, b′) ≃ qδa,a′−δb,b′L(a′, b′) ◦ L(a, b).
(iv) If b′ < a− 1, then L(a, b) ◦ L(a′, b′) is simple and
g : L(a, b) ◦ L(a′, b′) ∼−→L(a′, b′) ◦ L(a, b).
(v) If a′ < a ≤ b′ < b, then we have the following exact sequence
0 −−→ qL(a′, b) ◦ L(a, b′) −−→ L(a, b) ◦ L(a′, b′)
g
−−−→ L(a′, b′) ◦ L(a, b) −−→ q−1L(a′, b) ◦ L(a, b′) −−→ 0.
Moreover, the image of g coincides with the head of L(a, b)◦L(a′, b′) and the socle
of L(a′, b′) ◦ L(a, b).
(vi) If a = b′ + 1, then we have an exact sequence
0→ qL(a′, b) −−→ L(a, b) ◦ L(a′, b′)
g
−→ q−1L(a′, b′) ◦ L(a, b)→ q−1L(a′, b)→ 0.
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Moreover, the image of g coincides with the head of L(a, b)◦L(a′, b′) and the socle
of q−1L(a′, b′) ◦ L(a, b).
3.3. Properties of the functor F (2). For k > ⌊N/2⌋ + 1 or k < 0, V (2)(̟k) is
understood to be zero, and the modules V (2)(̟0) and V
(2)(̟⌊N/2⌋+1) are understood
to be the trivial representation.
Proposition 3.3.1. Let (a, b) be a segment with length ℓ := b− a+ 1. Then we have
F (2)(L(a, b)) ≃ V (π(2)(ℓ, (−q)a+b)).
Proof. We will show our assertion by induction on ℓ. In the course of the proof,
we omit the grading of modules over quiver Hecke algebras. When ℓ = 1, we have
F (2)(L(a)) ≃ V(−q)2a by Proposition 1.5.3 (i).
Assume that 2 ≤ ℓ ≤ N . Consider the following exact sequence in R(ℓ)-mod
0→ L(a, b)→ L(b) ◦ L(a, b− 1)
r(b),(a,b−1)
−−−−−−−→ L(a, b− 1) ◦ L(b)→ L(a, b)→ 0(3.3)
given in Proposition 3.2.2 (vi). Here, we write
r
(a,b),(a′,b′)
: L(a, b) ◦ L(a′, b′) −−→ L(a′, b′) ◦ L(a, b)
for r
L(a,b),L(a′,b′)
. Applying the exact functor F (2) and using the induction hypothesis,
we obtain an exact sequence
0→ F (2)(L(a, b))→ V(−q)2b ⊗ V (π
(2)(ℓ− 1, (−q)a+b−1))
F(2)(r(b),(a,b−1))
−−−−−−−−−−−→ V (π(2)(ℓ− 1, (−q)a+b−1))⊗V(−q)2b → F
(2)(L(a, b))→ 0.
(3.4)
If F (2)(r
(b),(a,b−1)
) vanishes, then we have
V(−q)2b ⊗ V (π
(2)(ℓ− 1, (−q)a+b−1)) ≃ V (π(2)(ℓ− 1, (−q)a+b−1))⊗V(−q)2b
because they are both isomorphic toF (2)(L(a, b)). Hence V(−q)2b ⊗V (π
(2)(ℓ−1, (−q)a+b−1))
is simple, which is a contradiction. Therefore, we have F (2)(r
(b),(a,b−1)
) 6= 0.
On the other hand, by Proposition 2.2.4 we have an exact sequence
0→ V (π(2)(ℓ, (−q)a+b))→ V(−q)2b ⊗V (π
(2)(ℓ− 1, (−q)a+b−1))
h
−−→ V (π(2)(ℓ− 1, (−q)a+b−1))⊗V(−q)2b → V (π
(2)(ℓ, (−q)a+b))→ 0
(3.5)
such that h is non-zero. Here V (π(2)(N, (−q)a+b)) is understood to be the trivial
representation. Since 2b > a + b − 1, [16, Theorem 2.2.1] implies that the module
V(−q)2b ⊗V (π
(2)(ℓ− 1, (−q)a+b−1)) is generated by the tensor product of dominant ex-
tremal weight vectors. Hence we obtain
Hom
U ′q(A
(2)
N−1)
(V(−q)2b ⊗ V (π
(2)(ℓ−1, (−q)a+b−1)), V (π(2)(ℓ−1, (−q)a+b−1))⊗V(−q)2b) = kh.
Thus F (2)(r
(b),(a,b−1)
) is equal to h up to a constant multiple and hence F (2)(L(a, b)) is
isomorphic to V (π(2)(ℓ, (−q)a+b)). Thus we have proved the proposition when ℓ ≤ N .
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Now assume that ℓ = N+1. Then F (2)(L(a, b−1)) ≃ F (2)(L(a−1, b)) ≃ k. Applying
F (2) to the epimorphism L(a, b−1)◦L(b)։ L(a, b), F(L(a, b)) is a quotient of V(−q)2b .
Similarly, applying F (2) to the epimorphism L(a) ◦ L(a + 1, b) ։ L(a, b), F(L(a, b))
is a quotient of V(−q)2a . Since V(−q)2b and V(−q)2a are simple modules and they are not
isomorphic to each other, we conclude that F (2)(L(a, b)) vanishes.
For ℓ > N + 1, F (2)(L(a, b)) vanishes since it is a quotient of
F (2)(L(a, a +N))⊗F (2)(L(a+N + 1, b)) ≃ 0⊗F (2)(L(a +N + 1, b)) ≃ 0.

Corollary 3.3.2. If one of conditions (i), (ii) in Proposition 2.2.3 holds, then we have
Hom
U ′q(A
(2)
N−1)
(
V (π(2)(i, x))⊗ V (π(2)(j, y)), V (π(2)(k, z))
)
6= 0.
Proof. Note that in the both cases, (i, x) and (j, y) are linked by an arrow in S (A
(2)
N−1).
Thus we have
V (π(2)(i, x))⊗ V (π(2)(j, y)) ≇ V (π(2)(j, y))⊗ V (π(2)(i, x)).(3.6)
Indeed, if these tensor products were isomorphic, then by [18, Corollary 3.9] they would
be simple, which is a contradiction.
Assume that condition (i) holds. We may assume that x = (−q)1−i, y = (−q)j+1 and
z = (−q)−i+j+1. Take the segments (a, b):=(1, j) and (a′, b′) = (1−i, 0). Applying F (2)
to the exact sequence in Proposition 3.2.2 (vi), we obtain a surjective homomorphism
V (π(2)(i, (−q)a
′+b′))⊗V (π(2)(j, (−q)a+b))։ V (π(2)(i+ j, (−q)a
′+b)).
Assume that condition (ii) holds. We may assume that x = (−q)i+1, y = (−q)2N−j+1
and z = (−q)N+i−j+1. Take the segments (a, b) := (N − j + 1, N) and (a′, b′) = (1, i).
Applying F (2) to the exact sequence in Proposition 3.2.2 (v), we obtain a surjective
homomorphism
V (π(2)(i, (−q)a
′+b′))⊗V (π(2)(j, (−q)a+b))
։ V (π(2)(N, (−q)a
′+b))⊗V (π(2)(i+ j −N, (−q)a+b
′
)).
Since V (π(2)(N, (−q)a
′+b)) is isomorphic to the trivial representation, we obtain the
desired result. 
Lemma 3.3.3. Assume that two segments (a, b) and (a′, b′) satisfy (a, b) ≥ (a′, b′). Set
ℓ = b − a + 1, ℓ′ = b′ − a′ + 1, x = (−q)a+b and x′ = (−q)a
′+b′. Then the following
statements hold.
(i) x′/x is not a zero of the denominator dV (2)(̟ℓ),V (2)(̟ℓ′)(z
′/z) of the normalized
R-matrix Rnorm
V (2)(̟ℓ),V (2)(̟ℓ′)
(z, z′).
(ii) The homomorphism
F (2)(r
L(a,b),L(a′,b′)
) : V (π(2)(ℓ, x))⊗ V (π(2)(ℓ′, x′))→ V (π(2)(ℓ′, x′))⊗ V (π(2)(ℓ, x))
is a non-zero constant multiple of the normalized R-matrix RnormV (̟ℓ),V (̟ℓ′)(x, x
′).
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Proof. Because (b′ − a′ + 1) − (b − a + 1) ≥ (a′ + b′) − (a + b), there is no arrow in
S (A
(1)
N−1) from (ℓ, x) to (ℓ
′, x′), and hence so is for π(2)(ℓ, x) and π(2)(ℓ′, x′) in S (A
(2)
N−1),
by Proposition 2.2.1. Thus we have (i).
By (i) and [16, Theorem 2.2.1], the module V (π(2)(ℓ, x))⊗V (π(2)(ℓ′, x′)) is generated
by the tensor product vℓ⊗ vℓ′ of dominant extremal weight vectors. Thus any non-
zero homomorphism from V (π(2)(ℓ, x))⊗V (π(2)(ℓ′, x′)) to V (π(2)(ℓ′, x′))⊗V (π(2)(ℓ, x))
is a constant multiple of the normalized R-matrix. Hence it is enough to show that
F (2)(r
L(a,b),L(a′,b′)
) does not vanish.
We may therefore assume that r :=r
L(a,b),L(a′,b′)
is not an isomorphism. Equivalently,
(ℓ, x) and (ℓ′, x′) are linked by an arrow in S0(A
(1)
N−1). Since S0(A
(2)
N−1) is isomorphic
to S0(A
(1)
N−1) as a quiver, π
(2)(ℓ, x) and π(2)(ℓ′, x′) are linked. Hence, V (π(2)(ℓ, x)) ⊗
V (π(2)(ℓ′, x′)) is not simple.
On the other hand, since (ℓ, x) and (ℓ′, x′) are linked, we have a′ < a ≤ b′ < b or
a = b′ + 1. Applying F (2) to the exact sequences (v) or (vi) in Proposition 3.2.2, we
obtain an exact sequence:
0→ V (π(2)(ℓ1, (−q)
a′+b))⊗ V (π(2)(ℓ2, (−q)
a+b′))→ V (π(2)(ℓ, x))⊗ V (π(2)(ℓ′, x′))
F(2)(r)
−−−−−→ V (π(2)(ℓ′, x′))⊗ V (π(2)(ℓ, x))→ V (π(2)(ℓ1, (−q)
a′+b))⊗ V (π(2)(ℓ2, (−q)
a+b′))→ 0,
where ℓ1 = b− a
′ + 1 and ℓ2 = b
′ − a + 1.
Since (ℓ1, (−q)
a′+b) and (ℓ2, (−q)
a+b′) are not linked in S0(A
(1)
N−1), π
(2)(ℓ1, (−q)
a′+b)
and π(2)(ℓ2, (−q)
a+b′) are not linked in S0(A
(2)
N−1), either. It follows that
V (π(2)(ℓ1, (−q)
a′+b))⊗ V (π(2)(ℓ2, (−q)
a+b′)) ≇ V (π(2)(ℓ, x))⊗ V (π(2)(ℓ′, x′)),
because the left hand side is simple but the right hand side is not. Therefore F (2)(r)
does not vanish, as desired. 
Theorem 3.3.4. Let M be a finite-dimensional simple graded R(ℓ)-module and(
(a1, b1), . . . , (ar, br)
)
be the multisegment associated with M . Set ℓk = bk − ak + 1.
(i) If ℓk > N for some 1 ≤ k ≤ r, then F
(2)(M) ≃ 0.
(ii) If ℓk ≤ N for all 1 ≤ k ≤ r, then F
(2)(M) is simple.
Proof. (i) follows from Proposition 3.3.1.
By Proposition 3.2.1, we have M ∼= Im r(a1,b1),...,(ar ,br). On the other hand, if ℓk ≤ N
for all 1 ≤ k ≤ r, then by the above Lemma, we know that F (2)(r(a1,b1),...,(ar ,br))
is a constant multiple of a composition of normalized R-matrices. It follows that
ImF (2)(r
(a1,b1),...,(ar ,br)
) is simple. Hence we conclude that
F (2)(M) ∼= F (2)(Im r(a1,b1),...,(ar ,br))
∼= ImF (2)(r(a1,b1),...,(ar ,br))
is simple, as desired. 
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3.4. Quotient of the category R-gmod. We will recall the quotient category of
R-gmod introduced in [16, §4.4]. Set Aα = R(α)-gmod and set A =
⊕
α∈Q+
J
Aα. Similarly,
we define Abigα and A
big by Abigα = Modgr(R(α)) and A
big =
⊕
α∈Q+
J
Abigα . Then we have
a functor F (2) =
⊕
α∈Q+
J
F
(2)
α : Abig → Mod(U ′q(A
(2)
N−1)), where F
(2)
α is the functor given in
(1.18).
Let SN be the smallest Serre subcategory of A (see [16, Appendix B.1] ) such that
(1) SN contains L(a, a+N) for any a ∈ Z,
(2) X ◦ Y, Y ◦X ∈ SN for all X ∈ A and Y ∈ SN .
(3.7)
Note that SN contains L(a, b) if b ≥ a+N .
Let us denote by A/SN the quotient category of A by SN and denote by Q : A →
A/SN the canonical functor. Since F
(2) sends SN to 0, the functor F
(2) : A →
U ′q(A
(2)
N−1)-mod factors through Q by [16, Theorem B.1.1 (v)]:
A
Q
//
F(2) ''◆
◆◆
◆◆
◆◆
◆◆
◆◆ A/SN
F(2)
′

U ′q(A
(2)
N−1)-mod
That is, there exists a unique functor F (2)
′
: A/SN → U
′
q(A
(2)
N−1)-mod up to an isomor-
phism such that the above diagram quasi-commutes.
Note that A and A/SN are tensor categories with the convolution as tensor products.
The module R(0) ≃ k is a unit object. Note also that Q:=qR(0) is an invertible central
object of A/SN and X 7→ Q ◦ X ≃ X ◦ Q coincides with the grade shift functor.
Moreover, the functors Q, F (2) and F (2)
′
are tensor functors.
Similarly, we define SbigN as the smallest Serre subcategory of A
big such that
(1) SbigN contains L(a, a +N),
(2) X ◦ Y, Y ◦X ∈ SbigN for all X ∈ A
big, Y ∈ SbigN ,
(3) SbigN is stable under (not necessarily finite) direct sums.
(3.8)
Then we can easily see that SbigN ∩ A = SN and hence the functor A/SN → A
big/SbigN
is fully faithful.
The following proposition is proved in [16, §4.4], and its corollary below can be
proved similarly to [16, Corollary 4.4.2].
Proposition 3.4.1 ([16, Proposition 4.4.1]).
(i) If an object X is simple in A/SN , then there exists a simple object M in A
satisfying
(a) Q(M) ≃ X,
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(b) bk−ak+1 ≤ N for 1 ≤ k ≤ r, where
(
(a1, b1), . . . , (ar, br)
)
is the multisegment
associated with M .
(ii) Let
(
(a1, b1), . . . , (ar, br)
)
be the multisegment associated with a simple object M
in A. If bk − ak + 1 ≤ N for 1 ≤ k ≤ r, then Q(M) is simple in A/SN .
Corollary 3.4.2. The functor F (2)
′
: A/SN → U
′
q(A
(2)
N−1)-mod sends simple objects in
A/SN to simple objects in U
′
q(A
(2)
N−1)-mod.
3.5. The categories T ′N and TN . In this section, we recall the categories T
′
N and TN
introduced (and denoted by T ′J and TJ , respectively) in [16, §4.5].
Definition 3.5.1. Let S be the automorphism of PJ :=
⊕
a∈Z
Zǫa given by S(ǫa) = ǫa+N .
We define the bilinear form B on PJ by
B(x, y) = −
∑
k>0
(Skx, y) for x, y ∈ PJ .(3.9)
Definition 3.5.2. We define the new tensor product ⋆ : Abig/SbigN × A
big/SbigN →
Abig/SbigN by
X ⋆ Y = qB(α,β)X ◦ Y ≃ Q⊗B(α,β) ◦X ◦ Y,
where X ∈ (Abig/SbigN )α, Y ∈ (A
big/SbigN )β and Q = q 1.
Then Abig/SbigN as well as A/SN is endowed with a new structure of tensor category
by ⋆ as shown in [16, Appendix A.8].
Set
(3.10) La := L(a, a +N − 1) and ua := u(a, a+N − 1) ∈ La for a ∈ Z.
For a, j ∈ Z, set
fa,j(z) := (−1)
δj,a+Nz−δ(a≤j<a+N−1)−δj,a+N ∈ k[z±1].(3.11)
Theorem 3.5.3 ([16, Theorem 4.5.8]). The following statements hold.
(i) La is a central object in A/SN (see [16, Appendix A.3] ); i.e.,
(a) fa,j(z)RLa,L(j)z induces an isomorphism in A/SN
Ra(X) : La ⋆ X ∼−→X ⋆ La
functorial in X ∈ A/SN ,
(b) the diagram
La ⋆ X ⋆ Y
Ra(X)⋆Y
//
Ra(X⋆Y ) ))❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
X ⋆ La ⋆ Y
X⋆Ra(Y )

X ⋆ Y ⋆ La
is commutative in A/SN for any X, Y ∈ A/SN .
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(ii) The isomorphism Ra(La) : La ⋆ La ∼−→La ⋆ La coincides with idLa⋆La in A/SN .
(iii) For a, b ∈ Z, the isomorphisms
Ra(Lb) : La ⋆ Lb ∼−→Lb ⋆ La and Rb(La) : Lb ⋆ La ∼−→La ⋆ Lb
in A/SN are the inverses to each other.
By the preceding theorem, {(La, Ra)}a∈J forms a commuting family of central ob-
jects in (A/SN , ⋆) ( [16, Appendix A. 4]). Following [16, Appendix A. 6], we localize
(A/SN , ⋆) by this commuting family. Let us denote by T
′
N the resulting category
(A/SN)[L
⋆−1
a | a ∈ J ] . Let Υ: A/SN → T
′
N be the projection functor. We denote by
TN the tensor category (A/SN)[La ≃ 1 | a ∈ J ] and by Ξ: T
′
N → TN the canonical
functor (see [16, Appendix A.7] and [16, Remark 4.5.9]). Thus we have a chain of
tensor functors
A
Q
−−→ A/SN
Υ
−−→ T ′N := (A/SN)[L
⋆−1
a | a ∈ J ]
Ξ
−−→ TN := (A/SN)[La ≃ 1 | a ∈ J ].
The categories TN and T
′
N are rigid tensor categories; i.e., every object has a right
dual and a left dual ([16, Theorem 4.6.3]).
In the rest of this section, we will show that the functor F (2)
′
factors through the
category TN . First, we need
Lemma 3.5.4. For b ∈ J , set Vk = V
(2)(̟1)q−2k (1 ≤ k ≤ N), W = VN ⊗VN−1⊗ · · ·⊗V1,
and choose an epimorphism ϕ : W → k in U ′q(A
(2)
N−1)-mod. Let
RnormW,Vz : W ⊗Vz → Vz⊗W
be the R-matrix obtained by the composition of normalized R-matrices
VN ⊗ · · ·⊗V1⊗Vz
Rnorm
V1,Vz−−−−→ VN ⊗ · · ·⊗V2⊗Vz ⊗V1 −−→ · · ·
Rnorm
VN ,Vz−−−−→ Vz⊗VN ⊗ · · ·⊗V1,
and let g(z) = qN
(z − q−2N)(z + q−N−2)
(z − q−2)(z + q−N)
.
Then we have a commutative diagram
W ⊗Vz
Rnorm
W,Vz //
ϕ⊗Vz

Vz ⊗W
Vz ⊗ϕ

k⊗Vz
g(z)
// Vz⊗k.
(3.12)
Proof. Let a11(z) be the function satisfying R
univ
V (2)(̟1),V (2)(̟1)
= a11(z)R
norm
V (2)(̟1),V (2)(̟1)
,
where Runiv
V (2)(̟1),V (2)(̟1)
denotes the universal R-matrix between V (2)(̟1) and V
(2)(̟1) (
see [1, Appendix A]). Then the diagram (3.12) is commutative, if g(z) =
N∏
k=1
a11(q
2kz)−1.
By [29, (4.11)], we have
a11(z) = q
[N + 2]′[N − 2]′
[N ]′[N ]′
[0][2N ]
[2][2N − 2]
,(3.13)
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where (z; q)∞ =
∏∞
s=0(1−q
sz), [a] = ((−q)az; p∗2)∞, [a]
′ = (−qaz; p∗2)∞ and p
∗ = −qN .
It follows that
N∏
k=1
a11(q
2kz) = qN
N∏
k=1
[N + 2 + 2k]′[N − 2 + 2k]′
[N + 2k]′[N + 2k]′
[2k][2N + 2k]
[2 + 2k][2N − 2 + 2k]
= qN
[3N + 2]′[N ]′
[N + 2]′[3N ]′
[2][4N ]
[2N + 2][2N ]
= q−N
(z + q−N)(z − q−2)
(z + q−N−2)(z − q−2N)
= g(z)−1,
as desired. 
The proof of the following lemma is straightforward.
Lemma 3.5.5. Let {ψk(z) ; k ∈ Z} ⊂ k[[z]]
× be a family of power series such that
ψa(0)ψ−a−N+1(0) = 1 (a ∈ Z),
0∏
k=1−N
ψk(0) = 1.(3.14)
Set
φ0(z) := 1,
φk(z) := ψk−N(z)
−1 (1 ≤ k ≤ N − 2),
φN−1(z) := ψ0(z)
N−2∏
k=1
φk(z)
−1,
φk(z) :=

ψk−N+1(z)
ψk−N(z)
φk−N(z) (k ≥ N),
ψk(z)
ψk+1(z)
φk+N(z) (k ≤ −1).
Then {φk(z) ; k ∈ Z} satisfies
φa(0)φ−a(0) = 1 (a ∈ Z),
a+N−1∏
k=a
φk(z) = ψa(z) (a ∈ Z).
Now we make a special choice of cij in § 1.5 as follows: For a ∈ Z, set
ψa(z) :=(−1)
δ(1−N≤a≤−1 )(zδ(a=0)−δ(a=1−N)) g(q2(−a−N)(z + 1))−1
= (−1)δ(1−N≤a≤−1)
(z + 1 + q2a+N)(z + 1− q2a+2N−2)δ(a6=1−N)
(z + 1 + q2a+N−2)(z + 1− q2a)δ(a6=0)
∈ k[[z]]×.
Then it is straightforward to check {ψa(z)}a∈Z satisfy the conditions (3.14). Define
{φa(z)}a∈Z as in Lemma 3.5.5. Finally, set
ci,j(u, v) :=
φi−j(v)
φj−i(u)
φj−i(0).(3.15)
Note that {ci,j(u, v)}i,j∈Z satisfy the condition (1.14) by the construction.
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Theorem 3.5.6. If we choose {ci,j(u, v)}i,j∈Z as above, then the diagram [16, (A.7.1)] is
commutative for the functor F (2)
′
: A/SN → U
′
q(A
(2)
N−1)-mod and the commuting family
of central objects {(La, Ra)}a∈J . That is, the diagram
F (2)
′
(La ⋆ M)
F(2)
′
(Ra(M))

∼ // F (2)
′
(La)⊗F
(2)′(M)
ga⊗F(2)
′
(M)
// k⊗F (2)
′
(M)
((❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
F (2)
′
(M ⋆ La)
∼ // F (2)
′
(M)⊗F (2)
′
(La)
F(2)
′
(M)⊗ ga
// F (2)
′
(M)⊗k // F (2)
′
(M)
is commutative for any isomorphism ga : F
′(La) ∼−→k.
Proof. By the same argument in [16, Theorem 4.6.5], it is enough to show that
fa,j(z) g(q
2(j−a−N)(z + 1))
∏
a≤k≤a+N−1
Pk,j(0, z) = 1(3.16)
for all a, j ∈ Z. Recall that Pk,j(0, z) = ck,j(0, z)(−z)
δ(j=k+1) and
fa,j(z) = (−1)
δj,a+N z−δ(a≤j<a+N−1)−δj,a+N .
Hence it amounts to showing that
a+N−1∏
k=a
ck,j(0, z) = (−1)
δ(a+1≤j≤a+N−1)(zδ(j=a)−δ(j=a+N−1)) g(q2(j−a−N)(z + 1))−1
for all a, j ∈ Z. Since ci+1,j+1(u, v) = ci,j(u, v) for all i, j ∈ Z, we have only to show
that
a+N−1∏
k=a
ck,0(0, z) = (−1)
δ(a+1≤0≤a+N−1)(zδ(a=0)−δ(0=a+N−1)) g(q2(−a−N)(z + 1))−1
= ψa(z).
for all a ∈ Z.
Since ck,0(0, z) = φk(z), we obtain the desired result. 
Hence, [16, Proposition A.7.3] implies that the functor F (2)
′
: A/SN → U
′
q(A
(2)
N−1)-mod
factors through TN . Consequently, we obtain a tensor functor F˜
(2) : TN → U
′
q(A
(2)
N−1)-mod
such that the following diagram quasi-commutes:
(3.17) A
Q
//
F(2)
++❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳ A/SN
Υ //
F(2)
′
))❘❘
❘❘
❘❘
❘❘❘
❘❘
❘❘
❘
T ′N

Ξ // TN
F˜(2)vv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
U ′q(A
(2)
N−1)-mod .
Moreover, by [16, Proposition A.7.2], we obtain
Proposition 3.5.7. The functor F˜ (2) is exact.
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Recall that C 0g is the smallest full subcategory of Cg stable under taking subquotients,
extensions, tensor products and containing {V (̟i)x ; (i, x) ∈ S0(g)}. By Proposition
3.2.1 and Proposition 3.3.1, the images of the functors F (2), F (2)
′
and F˜ (2) are inside
the category C 0g .
Let us denote by Irr(TN ) the set of the isomorphism classes of simple objects in TN .
Define an equivalence relation ∼ on Irr(TN) by X ∼ Y if and only ifX ≃ q
cY in TN for
some integer c. Let Irr(TN)q=1 be a set of representatives of elements in Irr(TN)/ ∼.
Then the set Irr(TN)q=1 is isomorphic to the set of ordered multisegments(
(a1, b1), . . . (ar, br)
)
satisfying
(3.18) bk − ak + 1 < N for any 1 ≤ k ≤ r.
Since the proofs of the following proposition and theorem are similar to the ones in
[16, §4,7], we omit them.
Proposition 3.5.8. The functor F˜ (2) : TN → C
0
A
(2)
N−1
induces a bijection between Irr(TN )q=1
and Irr(C 0
A
(2)
N−1
), the set of isomorphism classes of simple objects in C 0
A
(2)
N−1
.
Theorem 3.5.9. The functor F˜ (2) : TN → C
0
A
(2)
N−1
induces a ring isomorphism
φF˜(2) : K(TN )/(q − 1)K(TN )
∼−→K(C 0
A
(2)
N−1
).
Recall that in [16, §4.6], we obtained a functor F˜ (1) : TN −−→ C
0
A
(1)
N−1
, where F˜ (1), TN
and C 0
A
(1)
N−1
were denoted by F˜ , TJ and CJ , respectively. The functor F˜
(1) also induces
a ring isomorphism
φF˜(1) : K(TN )/(q − 1)K(TN )
∼−→K(C 0
A
(1)
N−1
).
Theorem 3.5.10. Let M be a simple object in TN . Then we have
dimk F˜
(1)(M) = dimk F˜
(2)(M).(3.19)
Proof. By Proposition 2.2.2 and Proposition 3.3.1, we know that (3.19) holds when M
is a 1-dimensional module corresponding to a segment.
Note that the assignment
(a, b) 7→ αa + αa+1 + · · ·+ αb
gives a bijection between the set of segments and the set of positive roots of type A∞.
Under this bijection, the order > on the set of segments induces a convex order >
of the set of positive roots; i.e., we have α < α + β < β, if α, β, α + β are positive
roots and α < β. It is not difficult to see {L(a, b) ; (a, b) is a segment} is the cuspidal
system corresponding to the above convex order in the sense of [25, Definition 3.2].
For γ ∈ Q+J , we denote by KP(γ) the set of ordered multisegments such that the sum
of the corresponding roots is equal to γ.
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Let
(
(a1, b1), (a2, b2), . . . (ar, br)
)
be the ordered multisegment associated with a sim-
ple object M in TN . Then, by [28, Theorem 3.1] (cf. [25, Theorem 3.15 (iv)]), every
composition factor of rad
(
L(a1, b1) ◦ · · · ◦ L(ar, br)
)
has an associated multisegment(
(a′1, b
′
1), . . . , (a
′
s, b
′
s)
)
,
satisfying (αa′1 + · · ·+ αb′1) + · · ·+ (αa′s + · · ·+ αb′s) ∈ KP(γ), where γ = (αa1 + · · ·+
αb1) + · · ·+ (αar + · · ·+ αbr), and
(
(a′1, b
′
1), . . . , (a
′
s, b
′
s)
)
≺
(
(a1, b1), . . . , (ar, br)
)
. Here
≺ denotes the bi-lexicographic partial order on KP(γ) given in [28, §3] (cf. [25, §3.2]).
In particular, if
(
(a1, b1), . . . (ar, br)
)
is a minimal element in KP(γ) with respect to ≺,
then M ≃ L(a1, b1) ◦ · · · ◦ L(ar, br). Thus we obtain(3.19) in this case.
Now by induction on ≺, we may assume that
dimk F˜
(1)
(
rad
(
L(a1, b1) ◦ · · · ◦ L(ar, br)
))
= dimk F˜
(2)
(
rad
(
L(a1, b1) ◦ · · · ◦ L(ar, br)
))
.
It follows that
dimk F˜
(1)(M) =
r∏
k=1
dimk F˜
(1)(L(ak, bk))− dimk F˜
(1)
(
rad
(
L(a1, b1) ◦ · · · ◦ L(ar, br)
))
=
r∏
k=1
dimk F˜
(2)(L(ak, bk))− dimk F˜
(2)
(
rad
(
L(a1, b1) ◦ · · · ◦ L(ar, br)
))
= dimk F˜
(2)(M),
as desired. 
Set
φ(2) := φF˜(2) ◦ φ
−1
F˜(1)
: K(C 0
A
(1)
N−1
) ∼−→K(C 0
A
(2)
N−1
).
Corollary 3.5.11. The ring isomorphism φ(2) induces a bijection between Irr(C 0
A
(1)
N−1
)
and Irr(C 0
A
(2)
N−1
), which preserves the dimensions.
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